In order to obtain the static dielectric function of electron gas in the region rs = 1.0~ 3.0, the second-order polarization terms are figured out comprehensively with the Thomas-Fermi screened interaction. Particularly detailed study is given for E( q, 0) in the limit q = 0 with inclusion of the dynamical effect. The resulting function c( q, 0) is presented by incorporating the present results into our previous ones for the first-order polarization terms with full account of the dynamical effect. § 1. Introduction
In a series of our papers,I)-3) efforts have been devoted to evaluating the structural electronic energy for simple metals up to fourth order, with main concern in the structural phase transition of high-density hydrogen. In the third paper referred to as liP), we have studied a higher order term arising from the primary structural-electronic-energy Here VI (g) denotes the electron-ion coupling and vz( g) the electron-electron coupling, both as a function of the reciprocal lattice vector g.
As is evident in Eq. , the correction comes from the static dielectric function c(q, 0). This function may be written as (1) (2) up to second order. Here EO(q, 0) is the Lindhard dielectric function 4J , and the polarization corrections n (q, 0) and llz( q, 0) are shown graphically in Fig. 1 . Now, the dynamical contribution to llJ( q, 0), which has been studied in III, may be coordinated as a second-order term in the spirit of high-density expansion. Then the second-order polarization llz(q, 0) remains to evaluate for making our study comprehensive. This is a main subject of the present paper. We mention here that the second-order terms in E( q, 0) bring about fourth-order ones in Eq. Naturally the present study is in close contact with a number of previous studies on the dielectric function, particularly with Geldart and Vosko (G V ) 5) and with Geldart and Taylor(GT)6),7). In accord with Fig. 1 the polarization term IliC) has been studied by GV and in more detail by GT7). It appears that the G VT term is the most important one as supposed by them. Actually the G VT term will prove much larger than their approximate values for large q. However we note that the q-dependences are different from each other, for IljA), IljB) and IljC). The polarization IlJA)(q) is of the Hatree-Fock type, and decreases in magnitude rapidly with increasing q, while Ili B )( q) shows a weak q-dependence with positive sign and with small magnitude. Thus IliA)( q) is almost cancelled by Ili B )( q) in the region q ~ 1. 8. Though our interest is in the region 1.0:::; rs:::;2.0, we present here the computed result extending to rs = 3.0, hoping potential applicability of our result to ordinary metals of density rs ~ 3.
For the static dielectric function the compressibility sum ruleS) may serve as a sensitive test for its relevancy, as is widely used. It is because the compressibility of electron gas is not so sensitive to the correlation energy in approximate forms 9 ).
Thus, a particularly detailed study is given for c( q, 0) in the limit q = 0, with inclusion of the dynamical effect. We note here that the dynamical effect is more considerable for iliA) than for Ili C ). Here GV's resultS) for Ili e ) is utilized. Such a result tells us a justification for the Hubbard form 10 ) with the help of the compressibility sum rule. The mentioned form is then assumed in figuring out c(q,O), where our previous result for the first-order polarization (III) is used. Since the dynamical effects are considerably large for mA) (O) and rIiC)(o), the resulting static dielectric function may be valid only in a small region. It is noted that the approximation seems to work well even at rs = 3.0 if the dynamical effects are taken into account properly on the second-order polariza tions.
The present paper is organized as follows. The evaluations of rnA), niB) and niC) are described in § § 2 ~ 4 respectively. The result is discussed in § 5 in connection with the compressibility sum rule. The Hubbard form of the dielectric function will be discussed in the same section. § 2. Second-order HF polarization II~A)
The second-order polarizations shown in Fig with the present abbreviation n2 in place of the previous notation n2. 2 
.02 The second-order HF polarization n~A)( q) is the most rapidly decreasing function with increase of q. is divided into three parts:
The components can be written down straightforwardly. A large cancellation will be shown to occur among the three components, while each one has a considerable magnitude.
Let us define r (E p, E p', E p", E p"') by the following:
(3·2)
where
Then, in the TF approximation the components are written down as 
( [3] [4] [5] In the last term, subtraction of the anomalous term has been made. In Eq. (3) (4) (5) , the second term inside brace has a 'double pole on the plane bisecting q. This double pole is however merely apparent. To show it, we expand the considered term in the vicinity of the singular plane. Thus the principal term is found to be
leaving out the first-order pole as a result of cancellation.
The terms (B) are the most difficult one to evaluate; no more integration can be performed than a trivial angular integration. The random sampling method is then applied to the evaluation, by dividing the integration region into two parts; regular and singular regions. (See III.) The above division is essential in producing reliable values with efficient machine times. It is because the random sampling must be taken frequently enough to secure contributions from small singular region. 
IJ,(B)( q),
We first show a cancellation to occur among (bl)-, (b2)-and (e)-term. This is illustrated in Fig. 3 . As can be seen in the figure, the most considerable terms are (bl) and (b2), which are of opposite sign. After large cancellation between (bl) + (e) and (b2), only small Quantity remains with positive sign. In Fig. 4, we give the result, which shows a weak q-dependence; a characteristic feature of niB)(q). We note here that the resulting figures may have a certain error due to the mentioned cancellation, particularly for small q. § 4. GVT polarization nf) This is the most important term, as properly recognized by GV and by GT. Referring to Fig. 1 or t~ EQs. (II·3·16) and (II·4·1l), in the TF approximation we can write it as follows:
In niC) there is no anomalous term. GT 7 ) evaluated EQ. (4·1) approximately. Here the approximation made by them is valid in the limit q = O. This limit value is, given as 5 ) However their approximation becomes worse for large q as will be shown later.
On the right-hand side of EQ. (3·2) the energy denominator must have definite sign for each term inside bracket, owing to the Fermi factors at zero temperature. Let us then utilize an identity (A>O) and define a function B as
The function B can be integrated twice with the following result:
BCQ, q; s)= 1:x(_I,_Q/Z)dzexP{-(2zQ+QZ)s}
where we put as
We note that B( Q, q; s) is a function of Q, q, Q -q/ Qq and s. The computed results are given in Table I . The present results are also compared with the previous values by GT in Table II , which shows considerably large discrepancies in the region of large q, as already mentioned. § 5_ Conclusion and discussion
Weare now in a position to discuss the static dielectric function using the This effect is considerably larger than that in n. We shall now consider ll4 A ) (0) and llJ.B)(O), whose expressions are given in the Appendices. The resulting enhancement in llY)(O) has proved larger than that in llJ.c>(O). Besides the above terms, ll4 B )(0) also remains to be evaluated. However lliB)(O) has proved small in TFA. Then its dynamical correction must be small and hence may be left out without serious error.
The limiting values for the first-and second-order polarization terms are given in Table III. (b) Compressibility sum rule Owing to the compressibility sum rule,s) the dielectric function at q -> 0 is written as
where K and Kf are the compressibilities respectively for the electron gas systems with and without interaction. From EQs. O· 2) and (5·1), we have (5·2)
Here we note llo(0)=-(3/2)(ars)2 with llo(q) defined by cO(q)=1-v2(q)llo(q).
Now, the Hubbard form lS ) is usually considered a relevant approximation to the dielectric function. Let us then look into the mentioned form, which corresponds to the inverse of EQ. (5·2): Figures in parenthesis are the results with the use of the second-order polarizations in TFA. The dielectric function c(q) is given respectively in RPA (a). in the Hubbard form in the first-order approximation (b) and in the Hubbard form in the second-order approximation (c).
C5-3)
On the right-hand side of the above equation the second term is the first·order correction, and the third term the second-order one.*) Table IV shows the numerical values for Kf / K in the various approximations. For comparison, we also show the results with the second-order terms in TF A. The compressibilities with the Hubbard form of c:( q, 0) in the second-order approximation are in surprising agreement with those from the correlation energies even at rs = 3.0. These agreements may be rather fortuitous, because in our estimation no dynamical correction is included in niB). The correction must bring about some figure even if it may be small. In any way, we can get the dielectric function satisfying the compressibility sum rule, if one assumes the Hubbard form with proper actount of the second-order polarizations. It is to be noted here that our formalism does not include any adjustable parameter. Thus the above analysis proves to be a direct numerical test for the Hubbard approximation.
(c) Static dielectric function Using the Hubbard approximation, we put
Here G( q) is approximated by Table V that the second-order effect is considerably small compared with the first-order one. This comes from a cancellation between the two terms in braces on the right-hand side of (5°5). However, the above cancellation, which also has occured in Table IV , is rather accidental due to the second-order polarization Ilz in TF A. This means that the dynamical effect on Il2( q) changes G( q) considerably. Since the dynamical effect on Il2 must be very large, the approximation of our static dielectric function becomes worse rapidly as Ys increases. Our function may be a fairly good approximation to E:( q, 0) at Ys = 2.0. For the density region of larger Ys, the dynamical effect on the second-order polarization is necessarily to be taken into account. 
f+(e')f(e") f(e)f(e')f+(e")
X (w' + e' -e)(w' + w" + e' _e") (W" +e" -e)(w' + w" + e" -e')
f+( e )f( e' )f+( e") F( € )f+( e' )f( e") +( '+ ')( '+ "+" ')+( "+ ")( '+ "+' ") where A's do not include the derivatives of the Fermi functions, and h's and ¢;'s are composed of the terms including the derivatives. Using the quantities defined above, we obtain iliA) ( 0) in the following way:
IliA)(o) = f dp f dp' f dp"V2(P-P')V2(P-P")
where the anomalous part has been subtracted. And we put as E=Ep=p2/(ars)2, etc.,
where q' and q" are implicit in A's etc. For evaluation we need more explicit expression, which is lengthy and may be omitted here.
By the same way as in Appendix A, all terms in Jl4 B )( q) are generated from the function:
After summations over frequencies, we get
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Let us define Eo and ho by where ho is composed of the terms with derivatives of the Fermi functions and Bo is the remainder. For q --> 0, we get
In the above expression the anomalous part has been subtracted. The Quantities e, etc. are defined by EQ. (A -S) with pm = p' + p" -p.
